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The classical Noether Skolem theorem gives conditions to determine if an 
automorphism or a derivation of a finite-dimensional central simple algebra is 
inner. The definition of inner has been extended to more general Hopf algebra 
actions. In this paper, we study group-gradings of central simple algebras and we 
give sufficient conditions for the grading to be inner. This provides a partial answer 
to a question of J. Bergen and S. Montgomery. (1‘ 1988 Academic Press. Inc 
INTRODUCTION 
A ring R is said to be graded by the group G if R = CO R(x) is a direct 
sum of additive subgroups R(x), with x E G and R(x) R(y) c R(xy), for all 
x, y E G. If R(x) R(y) = R(xy), for all x, YE G, we say R is strongly G 
graded. It follows that 1 R E R(l), so that R( 1) is a subring with identity. If 
r E R, we write r(x) for the component of r in R(x). 
In recent years a good deal of attention has been paid to the duality 
between groups acting as automorphisms and group-gradings on 
associative rings. G. M. Bergman and 1. M. Isaacs [3] exploited the fact 
that if a finite abelian group acts as automorphisms then an isomorphic 
group grades. The converse was shown by M. Cohen and S. Montgomery 
[7] and they also proved a duality theorem for actions and gradings by 
* This paper was written while the second author visited the University of Cincinnati. He 
wishes to thank the Mathematics Department for its hospitality. 
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arbitrary finite groups. Other studies have been made by Bergman [2], 
Chin and Quinn [6], Osterburg [ 141, Passman [ 151, and Quinn [ 161. 
Let R be a G-graded ring where G is a finite group. This grading is said 
to be an inner grading if there are maps U, u: G + R, such that (i) r(g) = 
c VGG u[gx] ru[x ~‘1, for each PER, gEG, (ii) C.,,cu[gx] u[x ‘1 =d,,p, 
the Kronecker delta, and (iii) C.YtG u[gx] u[x ‘1 = fi,.,. 
Since 1 E R( l), we have that (i) implies (ii). If R is a finite-dimensional 
k-algebra where k g R( 1) then (ii) implies (iii). This follows since u is right 
invertible under convolution and in a finite-dimensional algebra right 
invertible elements are units. We will give a direct proof when we need to 
show (iii) holds. 
Inner actions have been defined for arbitrary Hopf algebras by M. E. 
Sweedler [ 171. In the case where the Hopf algebra is the group algebra 
k[G] or the universal enveloping algebra U(L) of a Lie algebra, this 
definition of inner corresponds with the familiar concept of inner 
automorphisms and inner derivations. It was noted in [7] that a grading 
by a finite group G corresponds to an action by the dual Hopf algebra 
k[G]*. The definition of an inner grading given above is equivalent to that 
of Sweedler. Inner actions have been studied more recently by Bergen and 
Montgomery [ 1 ] and Blattner, Cohen, and Montgomery [4, 51. 
Let R be a finite-dimensional central simple k algebra, k a field. The 
Noether Skolem theorem asserts that any automorphism of R that fixes the 
center k is inner; that is, the automorphism is induced by conjugation by a 
unit in R. Here we prove the following: 
THEOREM. Let R hr a finite-dimensional central simple k algebra that is 
graded by a finite group G. Also assume that R( 1) is a simple ring. Then this 
gruding is inner if und only if k 5 R( 1). 
This is the graded analogue of the Noether Skolem theorem and 
provides a partial answer to a question of Bergen and Montgomery [ 1, 
Question 11. In general, if R is simple and G finite, then R( 1) is a finite 
product of simple rings. This follows easily from [ 10, Corollary 31. If R is 
also finite dimensional it follows that R( 1) is semisimple Artinian. 
If G is abelian, the order of G is a unit in R, and R contains all lGlth 
roots of unity, then the theorem is known to hold. The proof depends on 
the classical Noether Skolem theorem and the fact that there are ICI 
linearly independent characters. Also if G is of order 2, then 
S. Montgomery has shown the result holds, regardless of the characteristic. 
Our main result follows as a corollary to the following theorem (see 
Theorem 5 below) on centralizers in crossed products. If R = S * G is a 
crossed product of G over the ring R, it is known [13] that G acts as 
automorphisms on the centralizer of S in R, which we denote by E. 
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THEOREM. Let R = S * G he a simple crossed product of the finite group 
G over the simple ring S. Also assume that k, the center of R, is contained in 
S and that S is finite dimensional over k. Then E = C,(S) is a normal 
G-Galois extension of k = EG. 
The terms used here will be defined as needed in the next section. 
INNER GRADINGS. Let R he a finite-dimensional central simple k-algebra 
graded by a finite group G. Also assume that k c R( 1) and that R( 1) is a 
simple ring. The center of R( 1) is an extension ,field qf k which rile denote by 
K. The support of R is the set supp R= {gEG\R(g)#O}. 
For any ring A and group G, a crossed product of G over A is an 
associative ring A * G with identity, where every element (x E A * G can be 
written uniquely as a sum LX = xYEG a,.? with a, E A. The addition is 
obvious and multiplication is given by the formulas gh = t( g, h) $z and 
r.U = 5%’ for all g, h, x E G, r E A. Here t is a map from G x G to u(A), the set 
of units of A, and ’ is an automorphism of A. The conditions on \’ and t 
which make A * G an associative ring can easily be found and we may 
assume that I,= lAIG= i. The following lemma is the special case of a 
result of Cohen and Rowen [8, Proposition 1.111 that we will need. 
LEMMA 1. Let R he a G-graded central simple k-algebra and let k s 
R( 1) = S, bqhere S is a simple ring. Then R = S * G, is a crossed product over 
S, where G,=suppR, andR(g)=Sg,forallgEG,. 
Proof A graded one-sided ideal of R which does not meet S is 
nilpotent by [S, Proposition 1.141. Since R is simple and hence certainly 
semiprime, it follows that nonzero graded ideals of R meet S. Now suppose 
g E supp R, then RR(g) is a nonzero graded ideal and thus RR(g) n S = 
R( g- ‘) R(g) is a nonzero ideal of S. But S is simple; so that, 
R(g- ‘) R(g) = S for all g E supp R. It is now easy to see that G, is a sub- 
groupofGandthatR(g)R(h)=R(gh)forallg,hEG,. 
To show that R is a crossed product of S over G,, it suffices to show that 
R(g) contains a unit for each g E G, . In turn, it suffices to show that each 
R(g) is a free S-module on one generator. To see this suppose that 
R(g) = Sr, where r E R(g). It follows that the left annihilator of r in R is a 
graded left ideal which meets S trivially. Thus the left annihilator of r in R 
is 0. Now r is left regular and hence a unit, since R is Artinian. Since R is 
simple Artinian, to show that R(g) is isomorphic to S as an S module, we 
only need to show dim, R(g) = dim, S, where dim, denotes uniform 
dimension. This follows easily since R is strongly graded by G,. 1 
We say a group G acts on R if there is a group homomorphism from G 
to Aut(R). Suppose G acts on R. We say a,, . . . . a,,; h,, . . . . b,, (these are in R) 
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is a G-G&ok basis for R if Cj afb, = 6,,, for all g E G. (Here 6,,, is the 
Kronecker delta.) For notation, we will write {(a,, b,) 1 1 d i 6 n} E R x R is 
a G-Galois basis. We call a G-Galois basis a normal G-Gulois basis if it is 
the form {(ug, b”) I g E G}, where a, b E R. 
Details of G-Galois basis can be found in [9, 121. We will use the 
following property. Let {(a,, hi) / 1 d i < H} be a G-Galois basis for R and 
let tr denote the trace map from R to the fixed ring RG, tr(r) =Cgtc r8. 
Then for any r E R, 
(*) r = c a, tr(b,r) and (**) r=Ctr(ru,)b,. 
We will need the following. 
LEMMA 2. Let G act on R and assume that R is a free right RG-module. 
Also let {(ug, b,)lgEG) b e a G-Gulois basis for R, where {a” 1 g E G) is a 
free basis qf size IGI for R us a right RG-module. Then b, = bf so that 
{(a’, b”)lgE G} IS a normal G-Gulois basis for R, where b = b, . 
Proof. Let fy: R -+ R” be given by f,(r) = tr(b,r) for each XE G. From 
(*) above, r = C \’ a-'f,(r) for all r E R. This gives that rh-’ = C x u-‘;“-‘fJr) 
since f,(r)E RG. But rhm’ = C, a’ tr(bh,r), using (*) again. Now since 
{u” I g E G} is a free basis for R over RG, comparing the coefftcients of 
a = u’ gives that tr(bTr) = tr(b,r) for all r E R. Thus (b: - bh) R is a right 
ideal of R with trace zero. By (**), it follows that (b: - bh) R = 0 and hence 
b;=b,. 1 
Let R = S * G be a crossed product of the finite group G over the simple 
ring S. Also assume that S is finite dimensional over its center K. For each 
gE G, conjugation by g gives an automorphism of S. We define Gin” to be 
{go G/ 2 induces an inner automorphism of S>. By the Noether Skolem 
theorem, this is the set of gE G such that 2 commutes with K = Z(S). It is 
easily checked that G,,, is a normal subgroup of G. Let E = C,(S), the cen- 
tralizer of S in R. The following lemma is a special case of Montgomery 
and Passman [ 13, Lemma 2.31. 
LEMMA 3. Let R = S * G and E = C,(S) be us described above. Then 
(i) E = K’[Gi,,] is a twisted group algebra of G,,, over K; 
(ii) G acts on E by letting e” = g-‘rg for all g E G. 
Proof: (i) Suppose g E Gin,. Then there exists a unit SUES such that 
Sk? ~ Its, = 2 ~ ‘tg for all t E S. Thus s; ‘g centralizes S. We can make a 
diagonal change of basis, replacing g by s;‘g for all g E Gin,. So without 
loss of generality, we may assume 2 centralizes S for all gE Ginn. Now if 
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g, h E G,,, C_ E this gives that gh = t( g, h) 8 E E. Since gh E Gi,“, it follows 
that t(g, h) E En S = L(S) = K. Thus K’[G,,,] makes sense and clearly 
K’[G,,,] GE. 
Conversely, let u = C, t c; ux go E, where U,E S for all g. If s E S, then 
su = us or suK = IA~.V~ ’ for all g E G. Thus SU, is an ideal of S for all g E G. 
Since S is simple, this says that uI: is zero or a unit. Now let c( E K; UM = CLU 
so that u,(@ -gcr) = 0 for all g. If U, # 0 then uR is a unit so that g 
commutes with K. By Noether Skolem, this gives that gE G,,,. Finally, 
since g E E for all g E G,,, , it follows that up E En S = K. 
(ii) Since G,,, a G, it follows that conjugation by g is an 
automorphism of E. To see that this is a group action, note that if g, h E G, 
gh = t( g, h) 8 and t( g, h) is a unit of S which centralizes E. 1 
Recall that when a group G acts on a ring E we can form a special 
crossed product, EC, called the skew group ring. Here we write g = g and 
$ = 3 = gh (or t = 1). In the situation of the last lemma we will replace G 
by an abstract isomorphic group G. The image of g E G will be written g. 
bXMMA 4. In the situation of Lemma 3, assume also that R = S * G is a 
,finite-dimensional central simple k-algebra where k c S. Then 
(i) E= K’[G,,, ] is a simple ring with center K = Z(S); 
(ii) G acts on E with E” = k and (G),,, = (G,,,)-; 
(iii) EC?, the skew group ring of G over E, is a simple ring with 
center k. 
Prooj: (i) The Double Centralizer Theorem [ 11, p. 1041 gives that 
E = C,(S) is a simple ring and that C,(E) = S. Note that Z(E) = 
En CR(E) = K’[G,,,] n S = K, where Z denotes the center. 
(ii) The previous lemma gave the action of G ‘v G on E. It is clear 
that k = Z(R) E E”. Conversely suppose % E E”. Then a commutes with 
{ gl g6 G} and also with S, since E= C,(S). Thus x~h(R) = k. That 
(G),,, = (G,,,)” follows immediately from the Noether Skolem theorem 
since Z(E) = Z(S). 
(iii) Let T= EC? and let A be a nonzero ideal of T. We show that 
A n C,(E) is nonzero and that C,(E) is isomorphic to EoP, the opposite 
ring of E. Thus CT(E) is again simple, by Lemma 4(i), so that 1 E C,(E) = 
A n @ r(E), which gives that A = EC?. 
To see that A n CT(E) # 0, let tl = C c(~ g be an element of A with 
minimum support size. Since E is simple and A Q EC? we may assume 
z, = 1. If e E E, then cte - ccc E A has support size less than that of ~1. Thus 
ae - esr = 0 so that G( E C,(E). We now make a diagonal change of basis, 
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replacing S by g ‘g for all g E Gin”. Thus by part (ii) and Lemma 3(i) we 
find CT(E) = z @ Kg -‘g is a twisted group algebra of G,,, over K. Let 
4: C,(E) + EoP be given by 4(x, k, g ‘g) = C, k, ,j-- ‘, where k, E K. It is 
clear that 4 is a K linear map. Suppose g, t E G,,,. Then d( g ‘,@?‘7) = 
(q g ‘gi- ‘2 ‘ii) = fj(i ~‘g- ‘(gt)l) = qqt(g, I) ‘$‘(gt)-) = 
t(g,t)~ ‘2-I. Also 4(gm’g)#(im’7)=g ‘i ‘=i-‘g ’ (multiplication in 
E) = t(g, t) ’ 2 ‘. Thus 4 is multiplicative and, finally, since 
dim(@,(E) = dim(EoP) and 4 is onto by construction, it follows that 4 is 
bijective. 1 
THEOREM 5. In the situation of Lemma 4, E is a normal G-Galois exten- 
sion of k. Indeed there exists a normal G-Galois basis of the form { (aY, hR) 1 
gcG), irhere (a”! gEG) is a k-basis for E ofsize (Gl. 
Before proving this we show how our main result follows. 
THEOREM 6. Let R he a finite-dimensional central simple k algebra w,hich 
is graded by thefinite group G. Also assume that S is a simple ring. Then this 
grading on R is inner if and only tf k c S = R( 1). 
Proof: First assume k s R( 1). By Lemma 1, R is a crossed product of 
G, = supp R over S = R( 1). If we find U, o: G, -+ R to make the grading by 
G, inner, we can extend u and 2: to G by letting u[g] = u[g] =0 for 
g E G\ G, . Thus without loss of generality we may assume G = G, . 
Let {(a”,P)I gEG) b e a normal G-Galois basis for E over k. Let 
u[~]=aR”andu[g]=h’forallg~G.Nowlets~Sandh~G.Consider 
c s C a’ ‘R ‘(h) h’- ‘) since a.’ -‘R-l E E 
‘; E G 
since T is a G-Galois basis 
Now if r = & s,h we get that C u[ gx] ru[x ‘I= sR 2 = r(g), the gth com- 
ponent of r, proving (i) and (ii) of the definition of an inner grading. To 
prove (iii), we calculate x.,, G‘ v[gx] U[X - ‘1 = x bXrar = tr(b”a). By 
Eq. (*) after the definition of G-Galois, we have a = CraG. ah tr(bha) and 
since {ah 1 h E GJ is a free basis, tr(h”a) = 6’,,, the Kronecker delta, SO we 
have shown the grading is inner. 
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Conversely, if the grading is inner it is easy to see that (i) and (ii) in the 
definition of an inner grading imply Z(R) s R( 1). 1 
It remains to prove Theorem 5, which is done with the help of the 
following two lemmas. The methods of proof are well known in both cases. 
LEMMA 7. In the situation of Lemma 4, E is a G-Galois extension of k. 
Proqf. Let t = CytG. g -E EG. Since EtE is a nonzero ideal of the simple 
ring EC’, EtE= EC?. If we write 1 =C, ajtbi, then 1 = &a,tb, = 
C, CyF(; a, gb, = CREG C, g(apb,). This gives that C, afb, = 6,,, since EC? is 
a free right E-module with basis c’. This says that ((a,, hi) 1 1 6 i< I} is a 
G-Galois basis for E over k. 1 
The following is a version of the Normal Basis Theorem [ 12, 
Theorem 1.71. 
LEMMA 8. E is a normal extension of k. In other words, there is an a E E 
such that { ap 1 g E G} is a k-basis for E. 
Proof: Let k[G] be the group algebra of G over k. Since G acts on E, E 
is a right k[G]-module, where e ‘g = eR for e E E, g E G. This makes E ok E 
a right k[G]-module under the action (a@ b) g=a@ bR. If we show that 
the dimension of E over k is ICI, it follows that EOk E is isomorphic to 
El”’ as right k[G]-modules. Note that 
dim, E = dim, K’[G,,,] = IG,,,l dim, K. 
Gin,, acts as the identity on K and H = G/Gi,, acts faithfully on K. Since 
E” = k, it follows that the fixed field KH = k. Thus dim, K= IG/G,,,I, so 
that dim, E= IG,,,l dim, K= IG,,,I IG: G,,,I = ICI. 
Now suppose that w,, . . . . w,,, where ICI = n, is a k basis for E. Notice 
that Ec=xC,..Eg=@ C,C,..w,ks=~,w,(C,.Gkg)2:k[G]‘G’, as a 
k[ G]-module. 
Let 4: EOk E + EC be given by a 0 b + atb, where t = EKE c; 2. By Lem- 
ma 4(iii), EiE= EG so that Q is onto. It is easily checked that 4 is a map of 
right k[G]-modules so in particular q5 is k linear. Thus q5 is an isomorphism 
by considering dimensions over k. Now El”’ 2 EOk E z EC? 2 k[G] “I as 
k[G]-modules. Also k[G] is Artinian and E has finite length. The Krull- 
SchmidttAzumaya theorem now gives that Er k[G] as a k[G]-module. 
Therefore E is a free k[G]-module on one generator a E E and hence 
{aXI gsG} is a k-basis for E. 1 
We can now give 
Proof (of Theorem 5). By Lemma 7, we can find {(x,, yi)j 1 d i<l} a 
G-Galois basis for E over k. By the property (*) of G-Galois bases given 
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before Lemma 2, x,, x2, . . . . x1 spans E as a k-space. Now let {u” 1 ge G} be 
a normal basis for E over k which exists by Lemma 8. We can find a matrix 
N, over k such that A =XN, where X=(x,, x2, . . . . x,) and A = 
(a’, d, . ..) ah), with G = { 1, g, . . . . h}. Also there exists another matrix S over 
k such that X= AS. This gives that X= XNS. Now let Y be the column 
matrix Col(y,, y,, . . . . y,) and let B= SY= Col(h,, h,, . . . . h,,). Note that 
AYB= (XN)R(SY)= (XNS)x Y (since G fixes k) =XRY=6,,,. Thus W= 
{(d’, h,)lgEG} is a G-G a 01s 1 b asis for E over k and so, by Lemma 2, W is 
a normal G-Galois basis for E over k. l 
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